Internalization of particles by cells plays a crucial role for adsorbing nutrients and fighting infection. Endocytosis is one of the most important mechanisms of the particles uptake which encompass multiple pathways. Although endocytosis is a complex mechanism involving biochemical signaling and active force generation, the energetic cost associated to the large deformations of the cell membrane wrapping around the foreign particle is an important factor controlling this process, which can be studied using quantitative physical models. Of particular interest is the competition between membrane -cytoskeleton and membrane -target adhesion. Here, we explore the wrapping of a lipid membrane around a long cylindrical object in the presence of a substrate mimicking the cytoskeleton. Using discretization of the Helfrich elastic energy that 1 arXiv:1903.07076v1 [cond-mat.soft] accounts for the membrane bending rigidity and surface tension, we obtain a wrapping phase diagram as a function of the membrane-cytoskeleton and the membrane-target adhesion energy that includes unwrapped, partially wrapped and fully wrapped states.
Introduction
Lipid bilayer membranes are one of the most important components of living cells that separate individual organelles of cells from each other or cells from their surrounding environments. Regulation of exchange across the cell membrane is fundamental for the intake of nutrients and the interaction of a cell with its environment. The translocation of particles across the cell membrane depends on the size of particles (ranging from sub-nanometer to a few microns). 1 While sub-nanometer particles like ions can translocate through the bilayer by direct diffusion or via membrane channels, 2 larger objects enter the cell by endocytosis or phagocytosis, during which the cell membrane experiences large conformational deformations in order to engulf the target. 3 Here we focus on the internalization of nanoparticles (NPs), which play an important role in biomedical fields such as chemotherapy, bioimaging, biosensing, and drug and gene delivery, [4] [5] [6] [7] [8] [9] but can also create cytotoxicity that may cause damage to the cells. 10 In this regard, the mechanisms of NPs uptake have been extensively studied during the last decade. [11] [12] [13] Experimental studies indicate that direct penetration through transient membrane pores and receptor-mediated endocytosis are two main pathways for NPs internalization. [14] [15] [16] [17] [18] Endocytosis of NPs encompass multiple pathways, from clathrin-mediated and caveolaemediated endocytosis, which mostly involves the formation of membrane protein coats, to phagocytosis and macropinocytosis, for which the cytoskeleton plays an important part and could be accompanied by a symmetry breaking in the membrane protrusion. 11 Beside the experimental studies, various theoretical models and computer simulations have been performed for exploring details of NPs internalization mechanisms. [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] Membranes can be modeled with a broad range of approaches at different details and time scales.
Atomistic simulations give a molecular description of the process, but are limited to short length and time scales. 29, 30 Analytical theories and triangulated membrane simulations can yield the shape and phase diagrams of membranes at large length scales, but do not explain what happens at the molecular level. 31, 32 In middle of this range, coarse-grained models have been developed to reduce length and time scales limitations, while preserve main properties of membranes. [33] [34] [35] [36] [37] For direct penetration, studies show size, 38, 39 shape 13, 39 and surface properties 14, 21, 22 of NPs play crucial roles in internalization of particles. In the case of receptor-mediated endocytosis, theories, simulations and experiments show that engulfment of NPs is determined by elastic properties of membrane such as its tension and bending rigidity, 23, 28, 31, [40] [41] [42] the size 17, 28, [41] [42] [43] [44] [45] and shape [17] [18] [19] [20] 42, [46] [47] [48] of the NP target, its surface properties, [23] [24] [25] 43 and binding strength of ligands-receptors between NPs and biomembrane 23, 26, 41, 42, 49 An important aspect of cell membrane mechanics that has been overlooked in existing models of NPs internalization is the presence of an actin-based network underneath the plasma membrane, called cytoskeleton cortex, 50 that strongly influences the membrane's ability to deform. 41 The aim of the present study is to assess the impact of membrane-cortex attachment on the internalization of a single NP. We concentrate on simulating uptake of an infinite long cylindrical NP by introducing a 2D molecular dynamics model which is constructed by discretization of the Helfritch energy. In the Results section, we present the simulation results in a phase diagram including three different regimes (unwrapped, partially, and fully wrapped) and two phase transitions. The result section continues with the analytical derivation of the different transitions, and a discussion of the symmetry breaking process accompanying the full wrapping transition, which bears strong relevance to the macropinocytosis process.
RESULTS AND DISCUSSION
The endocytosis of an NP can be significantly affected by different factors such as the surface tension and the bending rigidity of the membrane, the NP size, and the membranecytoskeleton and the membrane-NP adhesion energy. The simulations presented in this work are based on a coarse-grained description of the membrane, shown in Fig. 1 . The cell membrane (in blue), adhered to a flat cytoskeleton cortex sheet (in green) is deformed owing to its interaction (adhesion) with an external particle (pink), a cylinder of radius a. Membrane wrapping around the target results from a competition between membrane-target and membrane-cortex adhesion, and is modulated by the membrane elasticity. It is characterized by the wrapping angles α R and α L at the right and left side of the particle, respectively. The adhesion energy difference with respect to the reference state where the membrane is flat and fully adhered to the cytoskeleton is, per unit length of the cylinder:
where ω and ω s indicate the membrane-target and membrane-cytoskeleton adhesion energies per unit area, respectively. The total wrapping angle is α = α L + α R and l s,L and l s,R denote the left and right membrane contour length detached from the cysotkeleton (the contour length between the points i and e in Fig. 1 (a) ). In principle the engulfment can happen in an asymmetric way and therefore l s,L (respectively α L ) can be different from l s,R (respectively
The elastic energy of the deformed membrane can be calculated using the Helfrich energy 51 as
where κ and Σ denote the bending rigidity and the surface tension of the membrane, respectively, and C 1 and C 2 are the local principle membrane curvatures. Thanks to the translational invariance along the cylinder axis, a single tangent vectort(s) defined at each point s of the membrane suffices to fully characterize its shape. The total deformation energy per unit length of the cylinder is written as
where ∂ st (s) denotes differentiation with respect to s. For the computer simulations, the membrane is discretised into a chain of beads and springs, and the cylinder and the cytoskeleton are the collections of beads, as well. The membrane-cytoskeleton and membrane-NP ligand-receptor interactions are compensated by an attraction potential between the beads (see Fig. 1 (c) and Method section) and adding a lateral force at the edge of the membrane reproduces the effect of the membrane surface tension Σ. We set the values of κ = 20 ε, a = 50 σ, where and σ are the typical energy and length scales of the simulation (see the Method section), and investigate the wrapping process as a function of the cortex adhesion energy ω s and the target adhesion energy ω for two values of the membrane tension Σ = 1.5 ε/σ 2 and Σ = ω s .
In our simulations, the system reaches equilibrium after a sufficient number of MD steps.
The results of simulations are shown in Fig The equilibrium wrapping angle, α is shown in Fig. 3 This is the partially wrapped regime (P) and it is nearly symmetric in the left and right.
The transition from the unwrapped to the partial wrapped state (U − P transition) can be understood analytically by performing an expansion of the membrane deformation energy for small wrapping angle α 1. As it explained in the Supporting Information section (a), by expanding the energy of the system to third order of wrapping angle and an energy minimization,ω u can be calculated as,
where the dimensionless quantities are defined as
This transition is indicated by a dotted line that separates the unwrapping region from the partial wrapping region in Fig. 3 (b) .
Beyond yet another critical value ω f , which also increases with ω s , an abrupt transition occurs from the partially wrapped to a fully wrapped state (F ), where the cylinder is totally engulfed by the membrane. In this regime, the left and right angles fluctuate over time, always adding to a total wrapping angle α 360 • -see Fig. 2 (IV) and Movie. 1 in the Supporting Information. The transition to fully wrapped state can be understood by exploring the behavior of a generalized force acting on the membrane which can be extracted from the energy changes associated to infinitesimal membrane displacements. As is shown in Supporting Information (section (b)), there exists a transition angle θ f , given by
beyond which an abrupt transition to full wrapping occurs. It should be noted that θ has been replaced instead of α L or α R . In the case of Σ = ω s , tan θ f = − √ 3 and θ f = 2π 3 . The dashed line in Fig. 3 This transition is shown as a dashed line in Fig. 3 (b) .
Energy of the fully wrapped state
Our simulation results show that, while the partially wrapped states show left-right symmetry, the fully wrapped state displays strong fluctuations with respect to the left and right wrapping angles ( Fig. 2 (IV) and Movie. 1 in the Supporting Information). This is further illustrated in Fig. 4 , where typical snapshots of fully wrapped states are shown for different sets of parameters. As we now show, this is a consequence of the fact that within some bounds, the energy of the fully wrapped configuration only depends on the total wrapping angle. Inspection of the membrane shape in the full wrapped regime (see Fig. 4 ) shows that the left and right membrane halves can each be decomposed into four distinct membrane segments: (i): the inner cap, extending from α = 0 to an angle α i (i = L, R for the left and right halves), which is in direct contact with the target; (ii): the outer cap, which is not touching the target, but whose shape is fixed by the target shape through steric repulsion, that extend between α i and a particular angle α f (the angle of the point P , where the membrane leaves the target, in Fig. 4) ; (iii): a free membrane tail, not adhered to any substrate (between points P and e in Fig. 4) ; and (iv): the flat part attached to the cytoskeleton. Considering that the free tail is to a very good approximation straight (see Fig. 4 ), and neglecting the contribution of the bending energy at points P and e, the energy difference (with respect to the reference state) of the left and right parts of the membrane can be written as (i = L, R for the left and right halves):
where l s,i is the contour length of the deformed membrane (segments (i) to (iii)) and X s is the location of point e), see Fig. 1 . Geometric consideration yield l s,i = (2α i − α f )a + D and X s D, where the length of the free tail (segment (iii)) is D = a tan α f 2 . The total energy E = E R + E L can be written:
This energy does not individually depend on α R and α L , but only on the total wrapping angle α = α R + α L , which is fixed to α = 2π in the fully wrapped regime. This explains the degeneracy of equilibrium shapes illustrated by Fig. 4 . Minimisation of this energy with respect to the "tail angle" α f yields:
Interestingly, this angle is equal to the critical wrapping angle at the full wrapping transition (Eq. (6)) ifω s 1 andΣ 1, and is equal to π/2 whenω s Σ , 1.
Conclusion
In this paper, we introduced a new coarse-grained model for simulating lipid membranes in two dimension which is constructed, by discretization of the Helfritch energy. Using this model we study the engulfment of a cylindrical nanoparticle by a lipid membrane adhered to a planar substrate mimicking the cortical cytoskeleton. The competition between the membrane adhesion energy with the target (characterized by the parameter ω) and with the cytoskeleton (parameter ω s ) defines three distinct regimes of engulfment, separated by two phase transitions (see Fig. 3 ). The target remains unwrapped (U) by the membrane if ω < ω u , given by Eq. (4). The target is fully engulfed (F) by the membrane if ω > ω f given by Eq. (7) . In between: ω u < ω < ω s , the target is partially engulfed (P). Both critical target adhesion energies ω u and ω f are increasing functions of the cytoskeleton adhesion energy ω s and of the membrane bending rigidity κ. The full wrapping threshold ω f also increases with the membrane tension, while the partially wrapping threshold is insensitive to membrane tension. The wrapping angle α smoothly increases with ω in the partially wrapped region, to reach a critical value α = 2θ f , given by Eq. In the full wrapping regime, the system is degenerate, which means that the left and right wrapping angle may fluctuate between α f and 2π − α f , with α f given by Eq. (10). We thus predict that asymmetric membrane protrusions should be commonly observed in this regime. Interestingly, macropinocytosis, an important pathway for particle internalization in cells, is characterized by asymmetric membrane protrusions. 11 While this process clearly involves multiple complex processes related to signaling and actin polymerization, our analysis provides a physical explanation for this asymmetry.
The present model is relatively simple and tunable, and can be extended to include additional mechanical effects relevant to cellular membranes, such as actin polymerisation underneath the membrane, or the formation of protein coat. Such model can easily be used to study other cellular phenomena such as clathrin-mediated endocytosis or cell crawling.
MODEL AND SIMULATION METHOD
For the computer simulations, the membrane is discretised into a chain of beads and springs with t (i) the direction of ith spring (with |t (i)| = 1) and θ(i, i + 1) the angle between neighbouring springs (see Fig. 1 (b) ). The discretized bending energy reads: 53
which defines the effective bending stiffness κ e = κ d 0 . The harmonic spring potential energy is:
where Λ is the stiffness of the springs, d (i) is the bond length, and d 0 is the equilibrium bond length. Adding a lateral force at the edge of the membrane reproduces the effect of the membrane tension Σ.
Excluded volume interactions between the membrane beads are implemented using the Weeks-Chandler-Andersen potential
where ε and σ are our unit energy and length scale, respectively, and r ij is the distance between the ith and jth beads. The diameter of the membrane monomers is R = d 0 . = 1σ.
In our simulations, the membrane is constructed by 1000 monomers, and is allowed to move only in x − y plane, while the cytoskeleton substrate and the target consist of beads fixed in space. The cytoskeleton is made of 2600 monomers laid underneath the membrane, and the cylindrical NP is assembled from 628 monomers positioned on top of the membrane. The cylinder is placed in the center of the membrane and its radius is a = 50 σ. The distance between monomers in the cytoskeleton and the NP is chosen to be 0.5 σ in order to simplify the reptation of the membrane on in these structures.
Both the membrane-cytoskeleton and the membrane-NP interactions are modeled with the following potential,
where λ k denotes the strength of the ligand-receptor interactions (k = 1 corresponds to the membrane-NP, and k = 2 corresponds to the membrane-cytoskeleton ligand-receptor interactions) with dimension of energy. The interaction potential (see Figure 1 
Supporting Information
(a) Unwrapped-partial wrapped transition
The transition from the unwrapped to the partial wrapped state (U − P transition) can be understood analytically by performing an expansion of the membrane deformation energy for small wrapping angle α 1. In small angles, the wrapping angle is nearly symmetric total energy of the system, which includes contribution from the bending energy, the surface tension, and the gain of membrane-target adhesion and the loss of membrane-cytoskeleton adhesion, can be divided in two main parts: the cap (the part of the membrane wrapped onto the target) and the tail (the free part of the membrane, in contact with neither the target nor the cytoskeleton). Their contributions to the energy difference (per unit cylinder length) with respect to the reference state fully adhered to the cytoskeleton are:
and
whereψ = dψ ds , ψ(s) is the angle between the tangent vector of the membranet(s) and the horizontal axis and S represent the total contour length of the membrane in the membrane segment.
For the rest of calculations, it will be more convenient to rewrite all expressions in dimensionless units using the bending rigidity κ and the cylinder's radius a. By defining the following dimensionless parameters
the total energy that is the summation of Eqs. (15) and (16) is written as
For small angles θ 1, we can writeψ(s) as a linear function of s aṡ
where A and B are constants. The value of the membrane curvatureψ at the membranetarget and membrane-cytoskeleton detachment points (m and e, respectively -see Fig. 1 ) are given by local torque balance equations 55 aṡ
By integrating Eq. (19), we can calculate the ψ(s) as ψ(s) = As + 1 2
Combining Eqs. (20)- (21) with the known values of ψ at the two boundaries: ψ(0) = θ and ψ(S) = 0, we obtain:
In the small angle limit: θ 1, the energy of the system can be expanded to third order:
where A 1 (ω,ω s ) and A 2 (ω,ω s ,Σ) are
and B(ω,ω s ) = 1 +ω − 2 √ω
By minimizing Eq. (24) with respect to θ, the wrapping angle is found as
When A 1 (ω u ,ω s ) becomes zero, the transition from the unwrapped to the partial wrapped regimes happens, which implies
(b) Partial-full wrapped transition
We first calculate the force (per unit length) acting on the membrane calculating energy changes associated to infinitesimal membrane displacements. With r(s) the position of the membrane at point s, the tangent vector at this point can be defined ast(s) ≡ ∂ s r(s). In this notation the local curvature of the membrane can be written as
wheren(s) is the normal vector of the membrane at s. As a result of the membrane's deformation amount δr(s), the tangent vector and the local curvature are changed tot + δt and C + δC. After some calculation, we can write 
where ∂ s,s ≡ ∂ 2 ∂s 2 . The energy of the free part of the membrane considering the contribution of the membranecytoskeleton adhesion, can be written as
where ds is given by ds = ds 1 +t · ∂ s (δr) . After some mathematical steps, one can write 
At the equilibrium, the total force acting on each segment of the membrane should be zero, which means that F (s) does not depend on s and is constant. By decomposing of F in x and y directions, we can write κ 2ψ 2 − (Σ + ω s ) = F x cos ψ + F y sin ψ.
Using Eq. (38) and the boundary conditions at point e, ψ e = 0 andψ e = √ω s /a, the horizontal component of the force can be determined as
where F 0 ≡ κ/ (2a 2 ). The vertical component of the force can also be calculated using the boundary condition at point m, ψ m = θ andψ m = 1 a 1 − √ω , and Eq. (38) as
where we have replaced θ instead of α L or α R . This force is constant for large enough values of θ and we can write ∂Fy ∂θ = 0. Taking the derivation of Eq. (40) with respect to θ for given values ofω s andΣ and using two above criterion we find
where F y * denotes constant value of the vertical force at the transition point. Inspection of the membrane shape Fig. 2 (see also Fig. 4) shows that when the wrapping angle is large, there is a region of the free membrane segment where the angle ψ is constant, named ψ 0 , which impliesψ| ψ 0 = 0 andψ| ψ 0 = 0. As the force F must be constant through the contour length at the equilibrium, its vertical and horizontal components can be written in terms of ψ 0 as F y = −(Σ + ω s ) sin ψ 0 ,
Therefore, we have F y 2 = (Σ + ω s ) 2 − F x 2 and by substituting F x from Eq. (39) in this equation, we find F y F 0 = Σ +ω s 2 −Σ 2
After substituting Eq. (43) into Eq. (41), we can determine the angle θ f as
where θ f denotes the left (right) angle beyond which full wrapping occurs. In the case of Σ = ω s , Eq. (44) is converted to tan θ f = − √ 3 and θ f = 2π 3 . The wrapping angle α = 2θ f represented in Fig. 3 (a) with the dashed line. Using Eqs. (40) , (41) , and (44), we can find the transition membrane-cylinder binding energy as ω f = 1 + 2 Σ +ω s 2 (45) This transition is shown as a dashed line in Fig. 3 (b) .
